A granular chain of elastic spheres via Hertzian contact incorporates a classical nonlinear force model describing dynamical elastic solitary wave propagation. In this paper, the multiple solitary waves and their dynamic behaviors and stability in such a system are considered. An approximate KdV equation with the standard form is derived under the long-wavelength approximation and small deformation. The closed-form analytical single-and multiple-soliton solutions are obtained. The construction of the multiple-soliton solutions is analyzed by using the functional analysis. It is found that the multiple-soliton solution can be excited by the single-soliton solutions. This result is confirmed by the numerical analysis. Based on the soliton solutions of the KdV equation, the analytic solutions of multiple dark solitary waves are obtained from the original dynamic equation of the granular chain in the long-wavelength approximation. The stability of the single and multiple dark solitary wave solutions are numerically analyzed by using both split-step Fourier transform method and Runge-Kutta method. The results show that the single dark solitary wave solution is stable, and the multiple dark solitary waves are unstable.
I. INTRODUCTION
Propagation of acoustic and elastic waves in nonlinear phononic crystals has attracted great attention [1] [2] [3] [4] [5] , because understanding of these dynamic behaviors not only offers the possibility of realizing nonlinear phenomena such as solitons [6] [7] [8] [9] but also provides a powerful tool to manipulate the waves via nonlinearity [10] [11] [12] [13] .
Waves in linear [14, 15] and nonlinear phononic crystals [16, 17] exhibit quite different behaviors. For instance, waves cannot propagate freely through linear phononic crystals in the stop bands. But it was reported that different types of solitary waves, e.g., the KdV-like solitons [18] [19] [20] , gap solitons [21] [22] [23] , and gap breathers [24, 25] , can propagate in the stop bands through nonlinear phononic crystals. As is well known, a soliton is a solitary wave that can propagate stably with the dynamic behavior like a "particle." A solitary wave was shown to be an ideal method for transferring vibrational excitations [26] . Indeed, the discovery of phononic solitons has been demonstrated to be of fundamental importance in the study of nonlinear phenomena in phononic crystals. Recent results of nonlinear phononic crystals, such as sound bullets (a highly localized pulse) [27, 28] , novel granular protection systems [29] , nonlinear phononic crystal waveguide [30] , and highly nonlinear solitary waves [31] , have shown potential applications of solitary waves in many fields.
In the present paper, we will discuss nonlinear phenomena related to elastic wave propagation in a nonlinear granular medium with periodical properties. * yswang@tju.edu.cn; yswang@bjtu.edu.cn A granular medium chain of spheres is indeed a onedimensional nonlinear phononic crystal. In periodically granular media, the dispersive effects are exhibited due to the reflection at the contact interface between two adjacent spheres. The nonlinear force between the spheres causes the waveform to converge and steep. Thus, the combination of dispersion and nonlinearity leads to the appearance of solitons [32] . Nonlinearly elastic wave propagation in granular crystals has received considerable attention in recent years (e.g., Refs. [33] [34] [35] [36] [37] [38] [39] [40] [41] [42] [43] ). The dynamic behavior of nonlinear waves in granular media is very rich, e.g., traveling waves [44] , shock waves [45] , discrete breathers [24, 46] , nanoptera [47] , and second solitary waves (SSWs) [48] , etc. The system of a granular medium is tunable. It may be either weakly nonlinear in oscillatory regimes with high precompression or strongly nonlinear without precompression. This flexibility makes granular media useful in the areas of application such as energy trapping [49, 50] , energy harvesting [18] , nonlinear waves sensor technology [51] , acoustic lenses [28] , acoustic diodes [52] and switches [53] , and sound scramblers [54, 55] . Although nonlinear solitary waves in granular chains have been studied extensively both experimentally and numerically [56] , there are still many open problems, e.g. the existence and stability of solitary or multi-solitary wave solutions.
In Ref. [57] , the numerical solitary wave solutions were obtained in an initially compressed chain of granular spheres. It was shown that the solutions have the same properties with the KdV equation's solutions. A KdV equation and its single-soliton solution were presented in Ref. [8] without detailed derivation. Two nonstandard KdV equations (Log-KdV equation and H-KdV equation) were obtained in a FermiPasta-Ulam lattice with Hertzian-type potentials in Ref. [58] . The standard KdV equation was presented for the granular chains in the presence of precompression in Ref. [59] .
In this paper, we consider the solitary waves propagating in a granular chain of spheres with precompression. A general standard KdV equation is derived based on the assumption of long-wavelength approximation and small deformation. It is obtained in the moving coordinate and slow-time scale and involves the parameters of the original system. The analytical single and multiple solitary solutions are obtained from the KdV equation by using the homogeneous equilibrium method [60] [61] [62] [63] [64] and Hirota's bilinear method [65] . The functional and numerical analysis of dynamic behaviors of the solutions are presented with emphasis on the relation between the multiple solitary waves and elastic collision between single solitary waves. Then, based on the dynamic analysis of the KdV equation's solutions, we construct the analytical single and multiple dark solitary solutions of the long-wavelength equation of the original granular chain. Finally, the stability of the solutions of the original system is discussed by using the Runge-Kutta and split-step Fourier transform method. The present research also provides further understanding of the chaotic behavior [66, 67] and life-span [68] of solitary waves in chains of granular spheres.
II. MODEL AND DERIVATION OF KDV EQUATION
In this section, the model of a nonlinear wave propagation in a granular chain of elastic spheres with precompression will be established based on Ref. [57] and a KdV equation will be derived from the model. In the derivation, we assume the long-wavelength approximation and small deformation.
A. Model of a granular chain of spheres
Consider a granular chain of identical spheres with mass m precompressed by a staticload F 0 ; see Fig. 1 , where δ 0 is the compression under the preset static load. According to the Hertzian contact theory [42] , the relationship between F 0 and δ 0 is given by
where R, ν, and E are the radius, Poisson's ratio, and Young's modulus of the spheres, respectively. When a perturbed wave propagates through the chain, the spheres will vibrate with varying contact forces. Assume the central coordinate of the ith (i = 1, 2, 3, . . .) sphere is x i . Then the relationship between the contact force, F , and compression, δ, between the ith and (i + 1)th spheres is
If the displacement of the ith sphere is denoted as y i , then Newton's second law states
The dynamic equilibrium condition, Eq. (3), combined with Eq. (2), can be transformed tö
where
is the Hertzian constant.
B. Derivation of KdV equation
Consider the situation that the static compression at the initial time is greater than the dynamic interparticle compression, i.e.,
Under this small dynamic deformation assumption, Eq. (4) reduces to (cf. Eq. (2.2) in Ref. [57] ) (6) which, in the long-wavelength approximation, can be written in the continuous form:
where α = R/δ 0 ; β = Rδ 0 /3; and
is the sound speed in the precompressed chain. Ignoring the infinitely small quantities of the fifth order, we obtain (cf. Eq. (2.3) in Ref. [57] )
where γ = αβc/2. Assume that the solution of the above equation is of the form:
with being a small positive parameter. It is understood that ξ is a moving coordinate with speed c, and T is the slow time scale. Substituting Eq. (10) into Eq. (9) and ignoring all terms of order 2 and higher, we obtain
,tt − c 2 y
It is noted that f is a function of the moving coordinate ξ and slow-time T . Obviously, if the right side of Eq. (12) is not equal to zero, then the solution y (1) will unlimitedly grow with the increasing of the quick-time t. So we can obtain from Eq. (12) a nonlinear wave equation:
Introducing the transforms,
cT, (14a,b)
we can finally transfer Eq. (13) into a KdV equation,
where β > 0. It is noticed that the KdV Eq. (15) is obtained in the domain (ξ, T ), which is a distorted mapping of the time-space domain (x, t ). If we set β = 1 andũ = −u, then Eq. (15) is the same as Eq. (8) in Ref. [59] .
III. MULTIPLE-SOLITON SOLUTIONS OF KDV EQ. (15) AND THEIR DYNAMIC ANALYSIS
The multiple-soliton solutions of KdV Eq. (15) is well known. To study the dynamic behavior of the solitons based on the KdV equation, we will, for clarity and readability, directly present the exact single and multiple-soliton solutions of Eq. (15) in this section (the derivation using the homogeneous equilibrium method [60] [61] [62] [63] [64] and Hirota's bilinear method [65] is given in Appendix A). And then evolution and collision of the solitary waves will be analyzed. The analysis in this section is of particular importance to derive the solution of Eq. (9) in the next section.
The single-soliton solution is 1 ) is proportional to the amplitude. That is, the soliton travels in a granular chain of elastic spheres at the velocity depending on its amplitude; and the soliton with a high amplitude travels faster than the one with a low amplitude. Generally speaking, this conclusion is also true for other solitary waves traveling in a nonlinear and dispersive medium.
For the convenience of the dynamic analysis, the profiles of solitons Eqs. (17)- (20) are illustrated in Fig. 2 for some particular cases. It is seen that all solitons are highly localized. They are all bright solitary waves. Figure 2 (a) shows the profile of solution Eq. (17) . Unlike an ordinary linear wave, a solitary wave is not periodic and is highly localized.
It is observed from the profile of the double-soliton Eq. (18) shown in Fig. 2(b) that the double-soliton looks like collision of two single-solitons, and they pass through each other without scattering but emerge from the collision having the same shape and velocity with which they entered. However, the double-soliton Eq. (18) of KdV Eq. (15) is not a superposition of two single-solitons. Since the KdV equation is nonlinear, the principle of superposition does not apply and so the sum of two single-solitons is not a solution of Eq. (15) . Similarly, the triple-[ Fig. 2(c) ] or quadruple-soliton [ Fig. 2(d) ] looks like a collision of three or four singlesolitons. The collision of the triple-soliton forms a small crest in the collision center, the peak of which is between two single-solitons; see Fig. 2(c) . And the collision of the quadruple-soliton forms two small crests; see Fig. 2(d) . It is obvious that the multiple-solitons are not superposition of the single-solitons.
A. Dynamic analysis of soliton solutions
The dynamic analysis of the interaction process of solitons is a very important topic in studies of nonlinear waves [7, 26, 32, 67] . In the process of collision, the multiple-solitons may be excited. In this section, we will analyze the dynamic interaction process for the double-soliton solution Eq. (18) 
Functional analysis
It is easy to find that e θ i (i = 1, 2) plays a major role in Eq. (18) 
Figures 3(a)-3(e) illustrate the double-soliton solution Eq. (18) and approximate solutions Eqs. (21)- (24) with the highlighted areas corresponding to four limiting cases (i)-(iv). It is observed that the approximate solutions are in good agreement with the solution Eq. (18) .
Because e θ 1 (or e θ 2 ) plays a major role in the approximate solutions Eqs. (21) and (22) [or Eqs. (23) and (24)]. Therefore, we call them θ 1 (or θ 2 ) solitons.
From Fig. 3 we find that the double-soliton Eq. (18) looks like the elastic collision of two single θ i solitons. The solitary waves Eqs. (21) and (22) and Eqs. (23) and (24) are the same except for the phase, which suggests that they are of the same expressions before and after the collision. That is, the solitons do not change in the amplitudes, but with the phase shifts after the collision. Next we will present detailed analysis for the phase shift of the θ 1 soliton.
It can be seen by comparing Eqs. (21) and (22) after collision. For the particular example shown in Fig. 3 , this value is −3.5835 m. Tracing the peak of the soliton from the numerical results, we can obtain the phase shift as −3.5912 m.
The error between the theoretical and numerical values is less than 2%. The phase shift is a distinguishing feature of the collision of solitons. It should be interesting to find the maximum phase shift. Recalling
2 , we know that P s = k −1 1 ln A 12 reaches positive or negative infinity when k 2 = −k 1 . Without loss of generality, we set k 1 = 1 m −1 and illustrate the phase shift P s varying with k 2 in Fig. 4 (the other parameters are the same as described in the caption of Fig. 3 ). One can see that the phase shift becomes large as k 2 approaches ±k 1 (±1). Case (v): e θ 2 ≈ 1 and e θ 1 ≈ 1. In this case, we can get the following set of equations from Eq. (18):
Figure 3(f) shows the double-soliton solution Eq. (18) with the highlighted areas showing the position of the solitons before and after the collision in this special case, which can be obtained by tracing the peak of the soliton. However, the approximate analytical solution Eq. (25) yields the coordinates: (ξ/2R, τ ) = (−2.663, −2545.6 m) and (7.3163 1. In all of these situations, the approximate solution of Eq. (15) is
The areas marked with dashed lines in Fig. 6 The above analysis may be extended to the triple-or quadruple-solitons. Their dynamic behaviors are similar to those of the double-solitons. Therefore, to save space, we do not present here anymore.
In general, a multiple-soliton looks like elastic collision between single-solitons; and it may be represented approximately by the linear superposition of single-solitons in some limiting cases. This provides us a way to excite a multiplesoliton with the help of the single-solitons. It is known that if a stable solitary wave can still remain stable during the collisions, then such a solitary wave can be called a soliton. In published experimental and numerical investigations, the excitation of multiple-solitons was generally achieved through a single signal such as a Gaussian beam (or a single solitary wave) [69] [70] [71] . However, the input single signal does not necessarily converge to a single-or multiple-soliton after a certain evolution. It converges to a soliton only when there are some modes of stable solitary waves exist in the system. Therefore, the stability analysis of a solitary wave is very important, and, of cause, is not a nontrivial task because the stability is related to many parameters of the system [63, 64] .
Next, we will present stability analysis of the solutions of KdV Eq. (15) using the split-step Fourier transform (SSFT) method [71] .
Numerical analysis
SSFT method is a pseudospectral numerical method used to solve nonlinear partial differential equations. The method relies on computing the solution in small steps. It treats the dispersive and the nonlinear effects independently: first the nonlinearity step and then the dispersion step. Fourier transform is performed back and forth, because the dispersive step is made in the frequency domain while the nonlinear step is made in the time domain.
Next the SSFT method will be applied to solve Eq. (15) numerically to obtain a stable double solitary wave (i.e., a double-soliton). To this end, we use two methods to excite the double solitary wave. One method is to select the doublesoliton solution Eq. (18) at τ = −5 km with a perturbation of a random uniformly distributed noise field of amplitude 10 −4 as the initial condition shown in Fig. 7(a) . The other method is to select θ 1 -and θ 2 -soliton solutions Eqs. (22) and (24) with the same perturbation as the initial condition shown in Fig. 7(b) . All the other parameters used are the same as in Fig. 3 . The evolution results are shown in Figs. 7(c) and 7(d). It can be seen that both methods can excite the same stable double solitary waves. The two single solitary waves (i.e., θ 1 and θ 2 solitons) are remarkably stable, preserving their identities in the process of collision. This again confirms the conclusion in the last section that the double-soliton is inspired by elastic collision of two single-solitons. It is seen from Fig. 8(c) that the intensity distribution of the spectrum is centered in the wave-number range from −4 to 4. The energy is continuously transferred from high to low wave numbers before the collision; then the inverse process appears after the collision. In Fig. 8(d) , it is shown that the energy flows from high to low frequencies before the collision, and inversely after the collision. That is perhaps why we can inspire a stable double solitary wave (i.e., a double-soliton) using two single-solitons.
From Fig. 8 , we can see that the collision of two singlesolitons excites the double-soliton Eq. (18) . It should be noticed that the collision of two single-solitons is the dynamic behavior of the single-soliton, but the double-soliton is the eigen-solution of the system. This is the distinguishing difference between a double-soliton and the collision of two single-solitons. Based on the above analysis, we can confirm that the existence of solitons is that the system has stable eigen-modes of double (or higher) solitary waves. 
IV. ANALYTIC SOLITARY WAVE SOLUTIONS OF EQ. (9) AND THEIR STABILITY ANALYSIS
It is noted that Eq. (9) is obtained for a granular chain based on the assumption of long-wavelength approximation and small deformation without introducing any transformations such as distortion and rotation of the coordinate axes. That is to say, the solution of Eq. (9) can directly describe the dynamic behavior of the original system. However, the (11) and (14) . That is, the solution of Eq. (15) may be viewed as a distorted mapping of the solution in the original system. So it is significant to find the solution of Eq. (9) for us to understand the dynamic behaviors of the solitary waves in the granular chain of elastic spheres.
It seems that the inverse transformations of Eqs. (11) and (14) can be used to derive the solutions of Eq. (9) from the solutions of Eq. (15) [i.e., Eqs. (16)- (20)]. However, the results may involve large errors. Next, an alternative method based on the above process will be used to obtain approximate solutions of Eq. (9). Especially, an exact single solitary solution is obtained fortunately.
A. Exact single solitary wave solution
From Eqs. (14a) and (16), we obtain
where C 1 is an arbitrary constant and does not affect the basic behavior of f 1 (therefore we take C 1 = 0 to assure the symmetrical property of f 1 about ξ = τ = 0). Equation (27) , by using the inverse transformations of Eqs. (11) and (14b), yields the first term of Eq. (10), the approximate solution of Eq. (9). However, the solution may have a large error as mentioned above. To get a more precise solution, we suppose the solution has the form similar to Eq. (27),
and a 1 to be determined. Substituting Eq. (28) into Eq. (9), and setting the coefficients of the same power exponents of tanh(θ 1 /2) to be zero, we obtain
with c given by Eq. (8) . Equation (29c) gives the speed of the single solitary wave which is bigger than the sound speed c. Finally, we obtain the exact single solitary wave solution of Eq. (9):
The profiles of the displacement and its negative modulus −|y 1 | are displayed in Figs. 9(a) and 9(b) , respectively. It is seen that the displacement solitary wave is a dark soliton. Its width is about five times of the spherical diameter, in accordance with the characteristic spatial size 10R, which is clearly shown in Fig. 9(b 
where C 2 is selected to satisfy the following condition:
It will be extremely difficult to derive the expression of a 2 by directly inserting Eq. (31) for the triple solitary wave solution, and
for the quadruple solitary wave solution. In Eqs. (31)- (33),
2 . C 3 and C 4 are determined by the same condition as C 2 . It can be proved that the above approximate solutions are of the second-order of (the proof is omitted here).
The displacement profiles of the double, triple and quadruple solitary waves, Eqs. Fig. 9(h) ], all four single solitary waves keep their waveforms and interchange their amplitudes; but no significant phase change is observed. Obviously, the collision does not satisfy the superposition principle as we mentioned before.
C. Stability analysis
Stability analysis of solitary waves is an important issue because only stable (or weakly unstable) solitary waves (selftrapped beams) can be observed in experiments [72] .
In this section, we will first examine the stability of multiple solitary solutions obtained in the last section through two ways. One is to solve the long-wavelength approximate continuous Eq. (9) numerically using SSFT method; the other way is to solve the discrete Eq. (6) numerically using RungeKutta method [73] . Then we will perform numerical simulations of Eq. (4) which has no limitations of long-wavelength and small-dynamic compression. Stabilities analysis will be presented for all single and multiple solitary wave solutions, as well as a rogue wave solution.
Stability of dark solitary wave solutions of Eqs. (6) and (9)
We first examine the evolution stability of a single dark solitary solution by solving Eq. (9) numerically with SSFT method. To this end, we assume an initial excitation which is the displacement field from solution (30) at time t = 0 with a uniformly distributed random perturbation of amplitude 10 −4 [63, 73] . The evolution of the single dark solitary wave solution obtained from the Fourier transformation is demonstrated in Fig. 10 Table II . It is observed that the evolution of the solution is stable without losing its identity and integrity.
Then Runge-Kutta method is used to solve Eq. (6) to study the evolution of the single dark solitary wave solution. The result with the same parameters as in the SSFT method is TABLE II. The data used in Fig. 10 . shown in Fig. 10(b) , which agrees well with the result by the SSFT method in Fig. 10(a) . That is to say, both methods yield the same stable single dark solitary wave solution presented by Eq. Table II . We can observe that the double solitary wave solution preserves its shape while propagating with a constant velocity at the early stage of the simulation. Later, however, the value of the solution increases exponentially, and the amplitude of the profiles spreads out in the chain. Clearly, the solution loses its identity and integrity, and no longer preserves the structure of a solitary wave solution. All these results suggest that the double dark solitary wave is unstable. Table II . These solitary waves are all unstable. They can only propagate stably with constant velocities in the early stage, and then become unstable in an exponential way.
Stability of dark solitary wave solutions of Eq. (4)
Unlike the discretization Eq. (6) and continuous Eq. (9), the discretization Eq. (4) is derived without assumption of long-wavelength and small dynamic deformation. Therefore, it would be interesting to check the stability of dark solitary waves by numerically simulating Eq. (4) from Eq. (4) stimulated by Runge-Kutta method with the same parameters (including initial perturbation) as in Fig. 10 . We can easily see from the figure that the single solitary wave is stable and the multiple solitary waves are unstable. These results are consistent with those from Eqs. (6) and (9) except that the perturbation growth rates in Fig. 11 are generally not as fast as those in Fig. 10 . This, however, implies that Eqs. (6) and (9) satisfactorily describe the dynamic behavior of Eq. (4) under the long-wavelength limit and small dynamic compression assumption.
All simulations from Eqs. (4), (6) , and (9) show that a dark single solitary wave can propagate stably in a strongly precompressed grannular chain of spheres (|y i−1 − y i | δ 0 ). In fact, many authors have reported a stable single solitary wave propagating in a weakly precompressed chain (δ 0 |y i−1 − y i |) (cf. Refs. [8, 44] ). It is noticed that Eq. (4) is valid for both strongly and weakly pre-compressed chain. If the solution Eq. (30) is used as an initial excitation to simulate Eq. (4) with δ 0 = 0, then we can find a single solitary wave propagating stably in the system, meaning that Eq. (30) may be an approximate form of the solitary wave propagating in a weakly precompressed chain [44] , see Appendix B for details.
Although the multiple dark solitary wave solutions in this paper are unstable, the degree of the instability of the multiple solitary wave solutions is different. 
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It is known that errors may occur in the transmission computation. In this paper, the initial excitation is from the perturbed analytical solution; the error mainly comes from two aspects: (1) the length of the granular chain may affect the stability analysis when the solitary wave gets close to the end of the granular chain; and (2) with the increase of simulation time, the error of the program itself will accumulate gradually. Therefore, by controlling the magnitude of the errors generated from these two aspects within or less than the magnitude of the perturbation, the single dark solitary wave in this paper can be guaranteed to propagate steadily. We indeed did not find instability of the single dark solitary wave in our simulations based on Eqs. (4), (6) , and (9).
A rogue wave solution and its stability
A rogue wave is a solitary wave with significant crest which appears in a highly localized area in the space-time domain, and then appears from nowhere and disappears without a trace [74, 75] . Recently, Kevrekidis et al. [76] found that rogue waves may exist in the prototypical nonlinear massspring system and the diatomic granular crystal system. Similarly, rogue waves can also be found in the system studied in this paper. From the quadruple solitary wave solution Eq. (33), we indeed find a rogue wave as shown in Fig. 12(a) . We select the quadruple solitary wave solution Eq. (33) Figures 12(e) and 12(f) present the solutions in the timewave-number and space-frequency domains, respectively. In Fig. 12(e) , only the spectrum near the central wave number increases obviously; and the spectra in other regions almost do not change. However, in Fig. 12(f) we find that the highfrequency spectrum remains almost unchanged, and the lowfrequency spectrum increases dramatically. That is, the energy is transferred into the low-frequency region, causing a sharp increase of amplitude in a limited area in time domain. In conclusion, the exponential increase of the spectrum in the low-frequency region is also the cause of instability. Considering the instability of this solution, we can infer that there may be a singularity in the solution domain. This conclusion may be one of the reasons why rogue waves have strong destructiveness [77, 78] .
V. CONCLUSIONS
In this paper, the multiple solitary waves and their dynamic behaviors and stability in a granular chain of spheres are studied. The main results and conclusions may be summarized as follows:
( (5) The unstable multiple dark solitary waves have different life-spans. Therefore, it should be an interesting topic to study the chaotic behavior and life-span of an unstable solitary waves in a granular chain of spheres.
(6) A rogue wave, which appears in a highly localized area in the space-time domain from nowhere and disappears without a trace, may exist in the granular chain. In this Appendix, we show the details of the derivation of the particular eignmode solutions to KdV Eq. (15) . Based on the homogeneous equilibrium method, we assume that Eq. (15) has the following solution:
which when substituted into Eq. (15) yields
To reduce the calculation, we integrate Eq. (A2) over ξ once, let the integral constant be zero, and then have
Define the following bilinear operator [79] :
where g(x, y, z, t ) and h(x, y, z, t ) are functions of x, y, x, t; and m, n, k, l are nonnegative integers. Then the following relations can be proved easily:
Considering the above properties of the bilinear operators, we obtain
Substitution of Eq. (A6) into Eq. (A2) yields the Hirota bilinear form of Eq. (15):
which can be solved by using Hirota's bilinear method. Expand g into a power series of a small parameter :
which when substituted into Eq. (A7) yields
Let the coefficient of each order of in Eq. (A9) be zero, we obtain
For n = 0, 1, 2, 3, Eq. (A10) reduces to
Without of loss of generality, we set g 0 as a constant, and assume Eq. (A12) has an exponential eigen-solution:
which when substituted into Eq. (A12) yields
Then we obtain the dispersion relation:
The sum of the eigen-solution, Eq. (A15), w.r.t all or partial possible values of j( j = 1 − N ) also satisfies Eq. (A12). Therefore, we have the following eigen-solution:
where k j is the wave number; ω j is the angular frequency; and δ j is an arbitrary number. Substitution of Eq. (A18) into Eq. (A13) yields
Considering the properties of the bilinear operators, we can obtain, from Eq. (A19),
where Eq. (A17) is considered. Following the same process, we can obtain
All the other terms, g i (i = 4, . . . , N ), can be derived similarly. If we set g N = 0 and = 0, then we can obtain various eigensolutions of Eq. 
APPENDIX B: A STABLE SINGLE SOLITARY WAVE IN A WEAKLY COMPRESSED CHAIN OF GRANULAR
Although the present paper focuses on the precompressed granular chain, here in this Appendix we are interested in the case of δ 0 → 0 [57] . To this end, we use the single solitary wave solution Eq. (30), although it is for the precompressed chain, as the initial condition to study the dynamic behavior of Eq. (4) with δ 0 = 0. Select the same parameters (including perturbation) as in Fig. 11(a) . The numerical simulation from Eq. (4) with δ 0 = 0 is illustrated in Fig. 13 . We can see a single solitary wave propagating stably.
A stable single solitary wave propagating in the weakly precompressed chain has been observed experimentally in many literatures, e.g., Ref. [80] where a vertical chain consisting of 20 stainless steel cylindrical particles was considered. When the orientation angle (α) between the axes of two adjacent cylinders is 90
• , the relation between the contact force F cy and the compression δ can be obtained as in Ref. [80] :
which is exactly of the same form as Eq. (1) for spheres. That is to say, the cylindrical particles chain for the case of α = 90
• [80] is equivalent to the spheres chain in the present paper. In Ref. [80] , the chain was impacted to excite a single pulse, and the forces in the central plane of the 7th and 13th cylindrical particles were measured by using the piezoelectric sensors. The numerical simulation based on the finite element method was also performed. Both experimental (solid curves) and numerical (dashed curves) results from [80] are re-plotted in Fig. 14 . Here we will show that the solution with the form of Eq. (30) is comparable to the results of Ref. [80] . Notice that FIG. 14. Comparison between the present approximate analytical solutions with the experimental and numerical results in Fig. 3 of Ref. [80] : forces between the 7th and 13th particles in the chain of cylindrical particles with α = 90
• .
Eq. (30) is an eigen-solution. Therefore, to match the initial excitation, we introduce an amplitude adaptor A 0 and a phase adaptor ζ . Then we suppose a solitary solution with the form of Eq. (30):
Under the assumption of continuum, the granular chain may be approximated to a solid bar of which the perturbed dynamic inner force may be approximately obtained by taking the first derivative of position of the relation Eq. (B2) and multiply it by the Young's modulus E and an effective contact area S e : where the SI system is applied. Figure 14 illustrates the forces between the 7th and 13th particles from Eq. (B4), together with the experimental and numerical results in [80] . It is shown that the analytical solution Eq. (B4) is in accordance with the results in Ref. [80] .
